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Review and Preview to Chapter 4

EXERCISE 1

od

1. (8) (—2,6)= {x| —2<x<6} 2

(b) [—3,_2)={xi _3Sx<_2} -3-2 T

() (1,4] = {x| 1<x<4} o -

@) [—2,15)= {x] —2<x<1.5) ——s.

(e) (3= {x! x>3}

[P

() (—o0,2) = {x| x<2}

[¥ -]

g (—oo, 1]l = {x!| x<1} '

(h) (—%00) = {x| x> —3) o

2- (a) x<2 « (—w,z) 2

{(b) D<x<3 « (0,3) 0 3

1

() —1<x<2 « [—1,2) -1

d) x>1 e (1,) \

(&) —1<x<3 & [~1,3] e 3

M x<—1 o (—o,—1] -

EXERCISE 2

1. (8) 3x+7>0 = 3x>—~7 = x> —1 » x €(—],)

{(b) 18— 4x<0 = 4x>18 = x> o x €, )

(e} 17—2x2>13 = 2x<4 = x<2 & x € (—o0,2]

(d) 2x41<5%—~11 = 3x>12 = x>4 o x € (4,00)

(@) 2x—1 <19 = 2x<20 = x<10 & x € (—o,10)

(f) x*—7x+6>0 = (x—~1Hx—6)>0 =» x—1>0and x—6>0 or x—1<0 and
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Review and Preview To Chapter 4

X—6<0 = x>1 and x>6 or x<1 and Xx<6 = x>6 or X<l & x € (—,1)U(6,)
@ 12—x—x°>0 = (x+4}(x—3)<0 = x+4<0 and x—3>0 or x+4>0 and
X—3<0 =» x< —4and x>3 or x> ~4and x<3 = —4<x<3 o x €£(—4,3)

(h) x*<3%x = x*—3x<0 = x(x—3)<0 = x<0 and x—3>0 or x>0 and x—3<0 =
Xx<0and x>3 or x>0 and x<3 = 0<x<3 & x €(5,3)

(i) x*~9>0 = (x—3x+3)>0 = x—3>0and x+3>0or x—3 <0 and x +3 <0
= x>3and x> —3orx<3eand x< -;3 = x>30r x<—3 e x € (~— o0, — 3YU(3,00)
() x°<5 o x| < wrS e xgw[g and x> —95 & x EI*\E,E}

(k) (x+1)2x+ 1¥x—6)> 0. For (x4 1)}2x+ 1)x—6) = 0, the solutions are x= —1,

x= —14, or x=6. This divides the real line into four intervals, {— s, —1),
(—1,—3), (—1,6), and {6,0).
Interval x+1 2x+1 X6 (x4+1DRx+1Xx—6)
x< ~1 - — —_— T
—l<x<—3| + — — +
—3<x<6 + + - -
x>6 + + + +

So the solution to (x+ 1)2x+ 1 x~6)>0is —1<x< —Lor x>6 &
x € (—1, — HU(6,00)
(1) x*+3x%—10x <0 = x{x*+3x—10) = x(x-+5Nx—2) = 0, the solutions are

x== —35, x=0, x=2. This divides the real line into four intervals (— oo, —5),
(—5,0), (0,2) and (2,0c).
Interval x x+5 X2 x(x+SMx—2)
X< —5 - — — -
—5<x<0 — + - | +
O<x<? + + — _
x>2 + + + -+

So the solution to x>+ 3x*—10x<0 is X< —5 or 0<x<2 & X € (—0o, —5}U(0,2)
(m) x*4+3x?—4<0; x—1 is a factor

x>+ 4x+4 .
x—1)x°+3x* —4 Thus x°+ 3x° — 4= (x—1Xx*+ 4x+4)
x*—x* = (x—1Ax+2)
4x? So (x—1Xx+2°<0 = x—1<0 since
4x° — 4x (x + 27 is always positive
4x—4 w x €(—o0,1).
4x—4
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Review and Preview To Chapter 4

n) x*+2x*—9x— 18>0 = xx+2)~9x+2)>0 = (x+ 2Ux+ 3IUx—3)>0.
For {x+ 2Xx+ 3Xx— 3) = 0, the solutions are x= —3, x=— 2, and x =3. This

divides the real line into four intervals {—oc, —3), (= 3, - 2), (—2,3) and (3, o).

Interval x+3 x+2 x-—3 x4+ 3Xx+ 2Ux— 3)
X< —3 - - - —
—3<x< =2 + - - +
—2<x<3 + + - -,
%x>3 + + + +

So the solution to x’+2x" —9x—18>0is —3<x< -2 orx>3

X €(—~3, —2U(3, ).

(0) x*~820 = x’>8 = x>2 e x €[2,o)

(p) x°+ x>0 = x(x*+1)>0 = x >0 since x* +1 is always positive = x € (0, o)

2. {a) ﬁ%}ﬁ = 2x+4+1>0 since x°+1>0 for all x. 2x> ~—1 = x>—§ ©

X"+

x €{(—3,k

. ,
(b) §t§>0- = x+2>0 and x—3>0 or x+2<0and x—3<0 = x> —28and x>3 or

x< —~2and x<3 =» x>3 or X< —2 & x E(ueo,~2)U(3,o°)

2
(c) ﬁ(o = x’+x>0end x—1<0 or x°4+x<0 and x—1>0 = x(x+1)>0 and

x<1 or x(x4+1)<0 and x>1 = [x>0and x+1>0 or x<0 and x+1<0] and x<1 or
[x>0and x+1<0 or x<0 and x4 1>0] and x> 1

= [x>0and x> —1 or x<0 and x< —1] and x<1 or

{x>0and x<—1or x<0 and x> —1] and x>1

= [x>00or x<—1land x<lor[—1<x<0land x>1 = X< —1or 0<x<]l =

% € (—eoo0, —1}U(0,1)

(d) (—-i.—s-x—l?<0 = 5x<0 = x<0 since (x*~1)?>0 for all x, so x = +1.
x ——

Thus the solution is x € {— oo, - I)U{ —1,0).
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Exercise 4.1
Exercise 4.1

1. From the graphs
(a) Increases on (—5,0) and (2,5). Decreases on (0,2)

(b) Increases on (—4,3). Decreases on (—6, —4) and (3,5)

2. (@) fx) = 124+ x—x%; f(x) = 1—2x>0 when x<1. Sof is increasing on
(—e0,1)

(b) f(x) = x*; £’(x) = 4x°>0 when x>0. So f is increasing on (0, ).

(e} g(x)= x> —3x+2; g'(x) = 3x?—3 = 3x*—~1) > Owhen x>1 or x< —1. So g is
increasing on (— o0, — 1) and (1,0).

(d) glx) = 2x° —3x* ; g'(x) = 6x°—6x>0 = x(x—1)>0 = x>0 and x—1>0 or x<0
and x—1<0 = x>0 and x>1 or x<0 and x<1 = x>1 or x<0. So g is increasing
on (—o0,0) and (1,00).

(@) y = Ix"+4x’—12x° 47 v’ = 12x°+ 12x% ~ 24x = 12x(x*+ x —2)

= 12x(x+2Xx—1)= 0 when x=0, x= -2, or x=1. This divides the real line into

four intervals, { —eo, —2), (—2,0), (0,1), and {1, ).

Interval x+2 x _ x—1 y’ Yy

X< —2 - — - - decreasing on (—eo,—2)
—2<x<0 + - - + increasing on (—2,0)

0<x<l] -+ -+ - — decresasing on (0,1)

x>1 + -+ + + increasing on (1,)

) y=x"+8x+x; y = 5x*+24x°+1. Since y’>0 for ell %, y is increasing on

("-'m’m).

3. (@) f(x) = x®4+x° ; F"(x)=2x+ 3x%<0 = x(2+43x)<0 = x<0 and 24 3x>0 or
x>0 and 2+3x>0 = x<O0end x> —or x>0 and x< —2 = —f<x<0.

So [ is decreasing on (—3,0).

(b) gx) = 2x® —3x®— 36x+62 ; g{x) = 6x°—6x—36<0 = (x— 3INx+2)<0 =
Xx—3<0end x+2>00r x—3>0 and x+2<0 w» x<3and x> —2 or x>3 and

x< -2 =» —-2«<x<3. So g is decreasing on {—2,3).

{c) h(x) = {1 —x3?; h(x) = —4x(1 —x*})<0 = x(1 —x*)>0 = x>0 end 1 —x*>0 or
x<0end ] —x°<0 = x>0 and x*<1 or x<0 end x*°>1 = x>0 and —1<x<1or
x<0and [x< —1 or x>1] = 0<x<1 or x< —1. So h is decressing on (—e0, —1)
and (0,1).
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Exercise 4.1

{d) F(x) = 4x+x* ; F/{x) = 4+4x°<0 when x< —1. So F is decreasing on

(— o0, —1).

4. (a) f{x) = 3x*—18x+1; f(x) = 6x—18. 6x— 18>0 when x> 3, 6x—18<0 when
x<3. So F is increasing on (3,%) and is decreasing on (— o, 3)

(b) f(x) = 2x°—9%* — 60x+ 82 ; *(x) = 6x°—18x—60>0 = (x— 5 x+2)>0 =
Xx—5>0and X+2>00r x—5<0 and x+2<0 = x>5and x> —2 or x<5 and

X< —2 =2 x>50r x<—2. Sof is increasing on (—oc, —2) and (5,cc) and is
decreasing on (— 2,5).

(c) glx)= x"—2x*+16 ; g'(x) = 4x° —4x>0 = x(x*~1)>0 = x>0 and x*~1>0 or
x<0and x’~1<0 = x>0and [x>1 or x< —1)or x<Dand —i<x<l = x>1 or
—1<x<0. So g is increasing on {— 1,0) and {1,o) and is decreasing on {— oo, — 1)
and (0,1).

(d) g(x)=3x"—16x° + 6x°+72x 48 ; g’(x) = 12x° —48x2+ 12x + 72

= 12(x° ~ 45+ x+6). If 12(x° — 4%+ x+6) — 0, then x*— 4x*+x+ 6 = 0,

so x4+ 1 is a factor.

x’—5x+6
x+11x°—4x? 4+ x+6 , % — 4%+ x+6 = (X4 INx*—5%+6)
x* 4 x? = (x4 1)x— 2)x— 3)
—5x*+4x (x+1)x—~2Xx—3)= 0 when x=—1, x=2,
—5%x% 5% and x= 3.
6x+6
6x+6
Interval x+1 x—2 x—3 g £
x< —1 —_ - - — decreasing on (— oo, —1)
—1<x<2 + — - + increasing on (—1,2)
2<x<3 -+ + - - decreasing on {2,3)
x>3 + + + -+ increasing on (3, 00)

(e) h(x) = x’(x~1)* ; h’(x) = 4x°(x — 1P+ 3x*(x — 1)* = x%(x— 1)’[4x + 3(x—1)]

= x%x—1)Tx—3)>0 when (x—1)}(7x—3) >0 = x—1>0 and 7x—3>0 or x—1<0
and 7x—3<0 = x>1end x>J or x<1 and x<? = x>1o0r x<i. Sohis
increasing on (—oo,2) and (1,00) and is decressing on G, 1.

o X—=1, 4y X+1—(x—1) - 2 _ e )
(f) hix) = xFih (x) eI T Gap (x»€ —1). Since h’(x)>0 for all

X —1, h is increeaging on (—ec, —1) and (—1,).
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Exercise 4.1

4—3x
@y=xVa—x;y = =X 4{i-x = =de(—ix+4-0= g X<
B Y 4 2'_4—5( ﬂ|4—x 2 4 x

So y(x)> 0 when 4~—§x>0 = x<§. So y is increasing on (-—00,:!;) and is decreasing

on (§.4). . . 1
(h) y = (x2— Q) 1y = gx(:‘cz—Q)'-5 {x=43). Soy' >0 = x(x*~9)3>0 = x>0 and

x*—9>0 or x<0and x°—9<0 = x>0 and [x>3 or x<—3]or x<0 and —3<x<3

= x>3 or —3<x<0. So y is increasing on (— 3,0) and (3,) and is decreasing on

{— o0, — 3) and (0,3).

5. y= 12x°4+15x"—20x° + 27 ; v’ = 60x*+ 60x>— 60x% = 60x%(x*+ x—1) = 0 when

k= Oor X4 x—1m=0 o xo 1% 1;(:)4(1)(—1) _ —13;43_

So x*+x—1= (x— r—l-%—{_éxx— :i-z_—{é)<.0 when x— :-—1-—;:—~J-§>0 and
x-—-%—ﬁ<00rx——:—1;——4§<0and x—#_s‘)O =»x>_-1—;-—"’.-§und
x<%‘“’r§or :tt-(--———lziqj—g and x>#l"2-"‘§ = “1;E<x<“1;—4—5 ;

1-—-45 —1+~l§)
3oy T

So y is decreasing on (—
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Exercise 4.2

Exercise 4.2

1. From the graph: (i) (ii)
(a) Absolute maximum value f(7) = 5§ (4= 5
{b) Absolute minimum value f(2Q)= —2 f(—3)= -2
{c) Local maximum values f(0)= 2, f(4)= 3 f(1)= 4, f(4) = 5
(d) Local minimum values f(2)= —2, f(6)=1 f(2)= 2, f(6) =1
2. @ fx)=3x~1, x> -1 (b) glx) = 3x—1, x> —1

4 / 4

7{ X 7 X
No absolute, or local, maximum Absolute minimum value g(—1) = — 4.
or minimum values. No maximum values.
(c) flx) = x*+1 (A y=x*+1, —1<x<2

Y4 ye

| N

or =3 of =
Absolute and local minimum value Absolute and local minimum value f(0)=1.
f(0) = 1. No maximum values. No maximum values.
(&) y=x*+1, —1<x<?2 NDy=2-x°

34

_;}
\
- || =1; 0 \—r'

Absolute and local minimum value No absolute, or local, maeximium or minimum
f(0) = 1. Absolute meximum wvalue values.
(2) = 5.
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Exercise 4.2

2—xif x<1

R y=|x—2}-1 (h) F(x)= {

4
\'\ /

) I\S/ T 4
. —

X if x>1

Absolute and local minimum value Absolute and local minimum value f(1} = 1.

f(2) = —1. No maximum values. No maximum values.

3. (@) fi{x) = 17—6x+12x%; £'{x) = 24x—6. f’ exists for all x.

f(x)= 0 = 24x—6 = 0 when x = ;. So x=1 is the only critical number.

(b) f(x) = x"—3x+2; f'(x) = 3x*"—3. [’ exists for all x. f'(x)=0 = 3x°~3= 0
when x= 41. So x=1 and x= — 1 are the critical numbers.

(c) g{x) = x"—4x*—8x?—1; g'{x) = 4x*—12x%~ 16x. g’ exists for all x.

B(X) =0 = 4x(x*—3x—4) =0 = x(x+1Ux—4)=0 = x=0, x=—1, x=4.

So the critical numbers are x=0, x= —1, x=4.

(d) gx) = 3x"—16x>+6x°+T2x+8 ; g'(x) = 12x° —48x% 4 12x + 2.

g’ exists for all x. g(x) = 0 = 12(x*—4x*4+x+6)= 0; x+1 is a fector.

x°—~5x+6
x41 ) %> —dx* 4 x+6 x°—4x% + % +6 = (x+ 1Ux*—5%x+6)
x*+x° = {x4 1¥x—2Xx~3)
—_8xc 4 x So g{x) = 0 when x= —1, x=2, x=3.
—5x* — §x Sc the critical numbers are x= —1, x=2,
6x+6 ' and x=23.
6x+6

(&) y = 2x+3x’—6x+3; ¥ = 6x°+6x—6. y exists forall x. y'=0 =
—1+12—40X—-1) —14+45

6X°+6X—6=0 » x°+x—]1 =0 = x = 5 = 5 .
So the critical numbers are x = -—1-}—{_{) and X = —_—IT_—E .

)y =x"+x*+x+1;y = 3x°+2x+1. The discriminant of this quadratic is
b? —4dac = 22 —4(3)(1} = —B < 0. Thus y* = 0 has no roots, so there are no

critical numbers.
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Exercise 4.2

(@) y = |x+6| . We know from Example 7 in Section 2.1 that |x| is not
dif ferentiable at 0, so Ix+6| is not differentiable when x4+ 6 = 0 = x= —6 by the
seme reasoning. So {'(—6) doesn’t exist, therefore —61is a critical number.
{x+6 if x> —=6 E if x> —6
y =

Since ;Y =

—x—6if X< —6 1if x<—6
So y’ is never 0. So the only critical number is —6.

(h) y = *¥x;
me

So D is the only critical number.

vy’ doesn’t exist when x = 0, y’ never equals 0.

(M) y=x—Vx;y = 1_24_ y’ exists for all x>0. y’ = 0 = 1—2—1-;- 0 =

Jx=1 =2 x= !. So 0 and } are the only critical numbers.

(j)yzxslx—l;y’ +~]x~— ("—f—x——l) 1_3x..1.
.,slx— .\-—1 Nx—1 2

[NTIA]

(1’-‘—1)_0 -3 _1=0ox=

y’ exists for all x>1. y'=0 = \[——
x—1

So g and ! are the oniy critical numbers.

_y,.=t-|-1—t _ 1
' (t4+1)¥ t+1)%°

o which there are no solutions. Since —1 is not in the domsain of vy, it

(k)y-— y’ exists for all t= —1. y" =0 =

o +|-*
—

1 —
(t+ 1)
cannot be a critical number, 5o there are no critical numbers.

t L B41-27 3¢

NDy= —5—; = - .
Y=Y 2+ 12 17

y’ exists for all t.

y'=0 =21-t?=0 = t=+4 1., Soland —1 are critical numbers.

4, (a) f(x) = 2x*~8x+1,0<x<3
f(x) = 4x—8 ; f’ exists for all x. [(x) = 0 when x = 2. So 2 is the only critical
number. ()= ~7, f(0)= 1, f(3) = — 5. So the absolute maximum value is
f(0) = 1 and the absclute minimum value is f(2) = —7.
(b) f(x) = 3+2Ax+1)% —-3<x<2
f(x) = 4x+4 ; {’ exists for all x. f(x)= 0 when x=—1. So —1 is the only
critical number. f{—1)= 3, f(—3) = 11, f(2) = 21. So the absolute maximum value
is f(2) = 21 and the absolute minimum value is f(—1) = 3.
(e)-£(x) = 2x°—3%%, —2<xg2
“(x) = 6x°—6x ; f’ exists for all x. ’(x)=0 when x =0, x= 1. So 0 and ] are
the critical numbers. f(0)= 0, f(1)= —1, f(—2)= —28, f(2) = 4. So the absolute
meximim value is f(2) = 4 snd the absolute minimum velue is f{—2) = —28.
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Exercise 4.2

(d) fix) = 2x*—3x*—-36x+62, —3<x<4

f1{x) = 6x° —6x — 36 ; f’ exists for all x. f(x)= 0 when x’—x—6=10 =
(x—34x+2)=0 = x=3, x= ~2. So the critical numbers are 3 and —2.

f(3) = —19, f{(—2)= 106, f(—3) = 89, f(4) = —2. So the absolute maximum value is

f{—2)= 106 and the absolute minimum value is f{3) = — 19,
(e) f(x)= x"—2x?+16, —3<x<?2
f(x) = 4x°—4x ; I’ exists for all x. f(x)= 0 when x=—1,x= 0, x= 1. So the

critical numbers are —1, 0, 1. f(—1)= 15, f(0) = 16, (1) = 15, (-3} = 79,

f(2) = 24. So the absolute maximum velue is f{— 3) = 79 and the absolute minimum

value is (1) = f(—1) = 15.
() fix) = °+3x°4+x, —1<x<?2
£{x) = 5"+ 9%+ 1 ; {’ exists for all x. (x)>0 for all x, so there are no critical

numbers. f(—1)= —35, f(2)= 58. So the absolute maximum value is f(2) = 58 and

the absolute minimum value f(—1) = —§5.

(g) g(x) = x2+1—x§ , 1<x<4a

g'(x) = 2x—1—g ;: &' exists for all x=0. g'(x)=0 = 2x—l§2'= 0 = 2x° = 16 =
X X

x=2. Since 0 is not in the domain of g, it is not a critical number. So the only
critical number is 2. g(2) = 12, g(1) = 17, g(4) = 20. So the absolute maximum

value is g(4) = 20 and the absolute minimum value is g(2) = 12.

(h) £(x) =3 ¥x®—2x, I<x<3

b |

£(x) = ’:5_2 ; T exists for all x=0. f(x)=10 =2 *yx=2 =» x= 1.

So 1 and 0 are critical numbers, but 0 is not in the given interval.

f(l) = 1, f(3) = 3 3@ — 6. So the ebsolute maximum value is f(1) = 1 and the
absolute minimum value is f(3}) = 3 343 — 6= 0.24.

(i) f(x) = 3J(x2-——9}2 , —6<X<6

fx) = ——=3X____ ; I’ exists for all x except x= 3, x = —3. [“(x)= 0 when
3 3J(x*—9)?

x= 0. So —3, 0, and 3 are the critical numbers. f(43)= 0, f(0) = 348_1 '

f(+6) = 9. So the absolute maximum value is f(4 6) = 9, and the absolute minimum
value is f(4+3)= 0.

DI = 2x—1]—1, 0<x<2

We know from Example 7 in Section 2.1 that |x}{ is not differentiable at 0, so {'(x)

will not exist where 2x—1=0 = x= 3 . So } is a critical number.
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Exercise 4.2

2X—1—1 if x>} 2 if x>3
; f’(x)=L

—2x+1—1if x<} 2if x<3

So f“(x) is never 0. So } is the only critical number. f(0)= 0, ) =—1, 1) = 2.

So the absolute maximum veaiue is f(2) = 2, end the absolute minimum value is

f(3) = —1.

Since f(x)= {

5. Show y = x°'+x''+13x has no local maeximum or minimum values.
So we must show that there are no critical numbers. y’ = 21x?°+11x'°413;
v’ exists for all X and y'>0 for ell x. So there are no critical numbers; therefore,

there are no local maximum or minimum values.

6. v = x"+kx+ 72, find k if there is a local minimum at x = 4.
y'= 2x+k ; ¥ exists for all x. So 2x+k = 0 when x = 4 = k= —28.
7. y= 2x+8x*+bx+ 36, find & and b if there is a local maximum when x = —4
and a local minimum when x = 5. ¥y’ = 6x°-+42ax+b ; y’ exists for all x.
So 6x°+2ax+b=0 when x = —4 and when x =5. So
6(—4¥+20(—4)+b=0 = b-—8 —=—96
6(5)2 4 2a(5)+ b= 0 = b+10s = —150 (subtract)

—1Be = 54

a =—3 =2b—-8—-3=—-9 =b=-—120

8. (o) Find critical numbers of f(x) = 2x° - 5x*—20x+12 to 3 decimal places.
() = 10x*—10x — 20 ; I exists for all x. f(x)=0 = x*= x+2. So to get the
approximations to the values of the critical numbers, we must draw y = x" end

¥ = x4+ 2 on the same .graph. and use the intergection points as our approximations.
oY § From the graph, we see that f’(x) = 0 has two

toots. We will use x= ] and x= —1 as our

i

approximations. We must remember that we are
trying to find the solution to f'(x) =— 0, so we
must take f“(x)} as well to use Newton’s method.
£(x) = 40x°—10,

10x,* — 10%,— 20
40%.°— 10

80 X,,; = Xn—
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Guess x; = 1

Guess x, = —1

%5 = — 1.000 X, = 1.667 xg = 1.353

| X, = 1.436 X = 1.353
X4 = 1.361

So the critical ﬁumbers are —1 and 1.353 to three decimal places.
(b) f(x) = 2x°—5x*—20x+12, —1<x<2.

From (a), the critical numbers are —1, 1.353.
f(—1)= 25, £(1.353) = — 15.14, f(2) = 16. So the absolute minimum value is

£(1.353) = — 15.14 to two decimal places.
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Exercise 4.3

1. ia) flx} = 3x* —4x +13 f"(x) = 6x —4, {'x) = O when x = £

When x <Z, [(x} <0, and when x >§,‘f’!x)>{}. So 1) = £ is a local minimum.
b)Y fix) = x> —12x—5; f{x) = 3x° —12 = 3(x —2)x +2), fx) = O when

X = +2. When |xj<2, ["(x)<0, and when {x|>2, f'(x)>0.

So f{ =2 = 11 is a local maximum and f(2) = —21 is a local minimum.

ic} fix; = 24+5x —x% fMx) = 5§ —5%* = §1 —x%, fix) = 0 when x = +1.

When x| <1, fix) >0, and when |x]>1, fix) <0, _So f(1) = 6 is a local maximum

and f{f — 1) = -2 is a local minimum.

fdy Fix: = x7—x% % = d4x’ —3° = x¥4x —3; [xi = 0 when x = 0 and
X = ;. When x <0, ['ix} <0, when 0 < x < J, f'(x) <0, end when x >3, f'(x)>0.
So fiHr = — 25 is @ locsl minimum.

2. 8 fix: = 2 4+6x —6x7; )

fiix} = ~12x 46 = 0 when x = i{. So g (1_:9

criticel number is . f“xi>0 when x < % and :

f'ixi <0 when x > 5, so the function /’\

increases on { — 5,1}, and decreases on IR ! I Ea

1~
-

Thus, the local maximum is fii} =

(b} flx) = x* —9x~ + 24x — 10; R4
£riX) = 3x° —18x +24 = 3Ax —4}x —2) =0
when x = 2, 4. So e¢ritical numbers are 2

and 4. f'{x) >0 when x <2 and when x > 4.

f’/(x) <0 when 2 < x <4, so the function
increases on { —oo,2) gand (4,00}, and
decreases on (2,4). Thus, the loc_al maximum is (2} = 10, local minimum is f(4) = 6.

(¢} g(x) = 1 43x% —2x% 4

g'(x) = 6x —6x® = 6x(1 —x) = 0 when ~

x = 0, 1. So critical numbers are 0 and 1.

f(x) >0 when 0 <x <1 and I"(x) <0 when "
X <0 and when x >1, so the function o0 v Y7

increases on (0,1}, and decreases on [ — ,0)
and (1,). The local meximum is g{l) = 2 and local minimum is g(0) = 1.
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d g{x) = 3x*—16x" +18x*+1;

g% = 12%° —48x? 4+ 36x = 12x(x* —4x +3) = I2x/x —1)ix —3) = 0 when x = 0,

1, or 3. So critical numbers are G, 1, and 3.

Interval X x—1 x—3 g g
i — 00,0} —_— —_ —_ - decreasing
(0,1; + - - + increasing
(1,3 + + - - decreasing
{3,00) + -+ + + incfeasing
The a local maximum is g(1!} = 6 and local 06
minima are g(0) = | and g3} = —26.
T ="
Qa. =16

e} hix) = x" —8x" +6; h/(x) = dx* —16x = 4x{x ~2(x +2) = O when x = —

0, or 2. So critical numbers are

—2,0, and 2.

Interval X X —2 X+2 h’ h
(—o0, -2 — — - —_ decreasing
{ —2,0) - - <+ -+ increasing
{0,2) + - + - decreasing
(2,00) + +l + + increasing
The local maximum is h{0) = 6 and local
minima are h{ +2) = —10. 6
(=2 -0}

Q. -1

%
-y

(f} h(x) = 3x® —5x% h'(x) = 15x* —15x° = 15x4x —1)Yx +1) = O when x = -1,
0, or 1. So critical numbers are —1, 0 and 1.
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Interval S x —1 x+1 h’ h
{ —no, — 1} + — -_ + increasing
{ —1,0; + — + -— decreasing
g,k + — + - decreasing
{1,00} + + + + increasing
The local maximum is hi — 1) = 2 and .
local minimum is hil: = —.. -Ln |
o n
t. -2
3. ‘el fix) = 2x§€‘3 —4x§i = (Sx§ -8x; fx) = llx_%3 —8 = 0 when x °=2, so x =1

So the critical numbers are 0 and g. For x <0 and for x > %. f{x)<0. For

0<x <} Fx)>0. So f(}) = } is a local maximum and f(0}) = O is a local minimum.

< -l % - 2 .
(b) fix) = —X—; fi) = XE D=2 —2x

x% —1 (x* =12 (x—17
not defined for x = 41 and f'(x)>00on { —o, —1)and ' —1,0) and "(x) <0 on !0,1)

{x* —1* >0, s0 [ and f* are

and (1,0), so f(0) = 0 is a local maximum.
(@ fix) = xd8—x; Mx) = (d—x——X_ - 24_X—x  8_3x

244—:( 2\]4-—:: 2«‘4-—-::

f’(x) >0 for x < ¢ and f(x) <0 for x >%, so fif) = 16;‘-5 is a local maximum.

- - -y 2 2
) 1) = xV] —x5 £4x) = {1 —x* — 2o o L=2%° prrivs0 for

w‘l —x° sll —x
1

— L ox<-k and M(x) <0 for x < ———‘; and x> -1, so r(;IL;} = 1 is 8 local maximum

Nz z ¥z iz
and f{ — 4'—;) = -1 is a local minimum.

4, {a) fx) = 27+x—x% fx) = 1 —2x.
f'(x) <0 for x >} and £/(x) >0 for x <3, 50 (3} = 2 is an absolute maximum.

{b) f(x) = 3 — 1 s T(%) == —x_s‘
41 (x? + 17

f’(x) <0 for x <0 and f{x) >0 for x>0, so f(0) = 2 is an absolute minimum.
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2 __ 2x{x*? —2x(x% —1) 4
(e) gx) = £ =L ony) = x(x” +1) X ... S
¢ 8 = ey F % 1) - + 1)

g’(x) <0 for x <D and g‘(x) >0 for x>0, so gi0) = —1 is an absolute minimum.

z . 2 ___ z__
(d) glx) = X :x+i’x20; g(X) = (2% — I} x* + 1) — 2x(x x+1)
X

‘41 (x? +1)°
X x4 2x 1 2% +2x° —2x o x2—1
(x* +1)° (x* +1)

g'(x) <0 for 0<x <1 and g(x) >0 for x >1, so g{1}! = ! is an absclute minimum.

A
-

(5. 6}

2.3

/

/° |-

s X% if x<0. -1 if x<0
6. f{x) = 12x" —1I5x" +36x if 0<x <4 f(x) = {6x*—30x+36 if 0<x <4.
216 —x if x>4 —1 if x>4
f*(x) >0 on (0,2) and (3,4) and f“(x) <0 on { —o,0), (2,3), and (4,0).
So f(2} = 28 is e local maximum and f{0) = 0 and f{3) = 27 are locel minima.
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Exercise 4.4

1. Let x and y be the numbers. P = xy, x—y = 150,50y = x —130. Thus
P = x{x —150) = x* —150x; P/ix) = 2x—150 = O when x = 7Sendy = —75.
Since P/x! <0 when x <75 and P‘(x) >0 when x >75, P has an absolute minimum at

X = 75. So the numbers are 75 and — 75.

2. Let x and y be the numbers. S = x 42y, xy = 200,50 y = 22—0 Thus

-

400, gy = 1-4-@,_9 = L"T:@Q = 0 when x = < 20, but, the

Six: = x+=

X7 X x*
numbers must be positive 50 ¥ = 20 and y = 10. Since S(X) <0 when 0 < x < 20
and S‘{x! >0 when x > 20, S has an absolute minimum at x = 20. So the numbers

are 20 and 10.

3. lLet L be the length and W be the width. A = LW, 2L 4+2W = 100, so
L = 50 —-W. Thus A/W: = 50 — W)W = 50W — W% AW} = 50 —2W = 0 when
W = 25 and L = 25. Since A’Wi1 >0 when W <25 and ATW'! <0 when W >25, A

has an absolute maximum at W = 25. So the length and the width are both 25 cm.

4. Let L be the length end W be the width. P = 2L +2W, A = LW,s0L = %.

~we
Thus (Wi = 2W + 38 Piw) = 224 _ i“’w#‘” ~ 0 when W ~ JA. Since
P{W) <0 when 0 <W <.{A and P/W} >0 when W >ﬂ, P hes & minimum at

-A o A = W. Since the length equals the width the

JA

W= VJA. SolL =

£l

rectanglie is 2 square.

5. Let x be the length and the width and let h be the height.

Surface Area = A = x°—+4xh. Volume = 4000 = x’h, so h = 4020. Thus
X
2(x*® — 800D)
x: . .
h = @9—0 = 10. Since A‘(x) <0 when x <20 and A’(x) >0 when x >20, A has an
%2

Alx) = x* + 16000 avy) — 2y 16000 ~ © when x = 20 and
"

absolute minimum at x = 20. Thus the box should be 20 cm by 20 cm by 10 cm.

6. Let x be the length of the squares cut out, 0 <x <2.
Volume = V(x) = x(3 —=2x)% V{x) = (3 —2xF —4x(3 —2x) = 12x° —24x +9

= 3(4x* —8x +3) = 3(2x —1)2x —3) = O when x = i, x = £ but x = $ cannot
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vield a valid answer. Since V‘(x)>>0 when 0 <x <} end V/(x) >0 when }<x <3, V
has an absolute maximum at 1. So V(é) = 2 m® is the absolute maximum volume.

)
-

7. {a} Let x be the width and let y be the length, but there is no need for rope

along the shore. A = Xy, 400 = 2x 4y, 80 y = 400 —2x. Thus

AlX) = x({400 —2x) == 400x —2x% A’(x) = 400 —4x = O when x = 100 and

y = 200. Since A’(x)>0 when x <100 and A’(x} <0 wher x > 100, A has an absolute
maximum at X = 100. So the rectangle should be 100 m by 200 m.

(b) Now. A(x) = 400x — 2x° where 0 < x < 50. there ere no critical points in this
interval, thus A!x) has its largest value at x = 50. Thé dimensions should be 50 m

by 300 m.

8. Let x be the length of the rectangle and of the divider and let y be the width.
Length of Fence = F = 3x +2y, xy = 750000, so y = 138000 Tpug

2
Flx) = 3x+_1__§_0T(3ﬂ0; FUx) = 3__15002000 - 3X —-1§00000 = 0 when
%2

X
X = 4500000 - SOOE and y = 75—%..%) o= 750&. Since F'\x) <0 when

0 <% < 500Y2 end F’(x} >0 when x >5004Z, F has a minimum at x = 50042. So the

field has dimensions SDO-F.'.’ m by 75045 with a divider of SOOwE’ m.

9. y = fix) and y = f{C) is a minimum, S0 !"{c) = ( and for x < ¢, fl{x) <0 and for
b 4 >c) f’(x) >0- If rz{X) =y = f(xj. then rzlix) - f'fX) s0
2Jl‘ix)

flo _ _0 _ 0. Since {f(x) >0 then f,"(x) <0 for x <c and f,’(x)>0 .

f.’(c) = =
#0 = e~ 3

for x >c. Thus y = |f(x) also has & minimum at c.

10. y = Sx 44, letting d be the distance to the origin,

Ex) = %" +(5x +4)" = 26x* +40x +16, £ld%x)] = 52x +40 ~ 0 when

X = —2 = —12. Since a‘—”—([dz(x)] <0 when x < — {2 and ;%E[dz(x)] >0 when x > —12,
d*(x) has an absolute minimum et x = —12. Thus the point closest to the origin is

(—102
13713/

I1. 2y = x? letting d be the distance to ( —4,1), .
d¥(x) = (x 447+ —17 = x*+8x+16 45 —x2 41 = 5 48k 417,
a‘-‘)—-‘[dz(x}] = x*4+8 = 0 when x = —2. Since %[dﬁx)]( 0 when x < —2 and
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ad;[d:ix)]>0 when x > — 2, d%x) hes an absolute minimum at x = —2. Thus the

point closest to ( — 4,1} is ( — 2,2).

12. Surface Ares = A = 2%xr®42xrh, V = 1000 = xr’h, so h = 11%‘_}29
A(xr? — 500} 4
Thus At = 2762 + 2000, aqr) = 4w — 2000 — ZIL 0 o 0 when 7 = 500,

— r
sor = \l = 5.4. Since A’(r} <0 when r < -\I 300 gnd A‘(r) >0 when r > *JS%O’

A has en absolute minimum at r = ’,ISTOQ.

13. 1a' Let x be the amount used for-the square. Ares of square = Ag = i’-‘é
Aree of circle = A, = 7r", but 40 —x = 271, S0 T = '-4-9-,—?—", thus
40 — xF - 80\-1—160{)
o = ] - B
 auy X5 X —BOx 41600 _ wx~ +4x° — 320x + 6400
Total area = Aix) = i€ + 3~ 16x 3
Ny = XX 20 _ — 160 _ i

Allx: = 8 +2-.-r 1r 0 when x o 24.4. Comparing the values at the

. .- . _ 40 _ : S 40° L 4 2
endpoints and the critical value, Ai40} = 1€ = 100 cm~, A(0) = vl 127 cm”,

I 2 .

and A124.4) = i%fls.é 4+ ::, = 56.5 cm*. Thus the ares is maximized if all the

wire is used for the circle.
ib: Tha ares ic minimized at x = 160 . 24.4, so there is 24.4 cm for the square

Aed BMENAL A Nt W4 SR 4 -

and 17.6 ecm for the circle.

14. Let 2x be the length of one side, 0 <x <2, and let
yr be the length of the other. Ares = 2xy, /‘\
J-i x, thus, A(x) = 2wa4 —x%

x:+y2 == 4’ S0y = —_ 3' , z
a
- . WA DY P2
AX) = 24 —x" — =X = 24 x) ,.2x /Ju\
, J4-x*‘ 44_,‘.; 7 = <
L—
_ 43_.___‘-—}‘“) . 0 when X = ﬁ. Since A'(x‘,‘ >0 when
4 —x"

0<x <-r2 and A‘(x} <0 when \E"«Cx <2, A has a

maximum at x = -E’ Thus the largest area would be

22{a 72 = 4 em?
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15, Let C be the total cost. The cost of the underground portion is 40x,
0<x<1200. The cost of the underwater portion is 12041002 + (1200 —x)*. So
12001200 -—x)
J100° + (1200 — x%)
12061200 —x) = 404100% +{1200 — x)%, s0 91200 —x)° = 100° +(1200 —x), then

= 0 when

Cix) = 40x + 1201007 {1200 — x5 C’ix) = 40

81200 —x}* = 100% end x = IL’OOiZSE = [235 or 1165. 1235 is not in the
domain. Comparing the values at the endpoints and the critical point,

Cioy = 3144499, C/1200) = $60000, and C{1165} = 359314. Thus the cheapest
method is to lay the cable underground to a point 1165 m east of P and lay the

remaining cable underwater.

16. Let h be the height of the rectangle and let x be half the width.

The perimeter = 8 = 2x +2h +7x, so h = 8—-—TM e 4—x—§wx, for
0<x g;%_——, Thus Area == 2xh+i:_-xx3 —_— 2xi4-x—.§rx)+%1rx2
= B —2:-—']:.:‘ x) = — — = {} 3 --':—8—.

X X x5 Allx 8 —dx —7x when x 4

Now, comparing the values at the endpoint and the critical point,

8 64 128 32x 327 + 128 o
Al—S ) = 08 1.8 & = — = = = 4,48 and
["f +4] T+4 (x+4° {(r+4F (x +4)° *+4 an
8 64 128 32x 32 ,
Al -8 = 0 ___ _1£8 . = _ = 3.80.
[:'r : :] T2 AT e = 3.80. Thus the largest area

- B . 16 _ - :
occurs when x T3 so the base is T3 -.24 m.

~

17. Let R be the distance_between the boats and let t be the time with t = 0 being

noon. 25t is the distance travelled by the boat going west and 20 — 20t is the

distance travelled the boat going north. So,

2 _ (25tP — 2012 ) 25 kRm/n N
R (.Sﬂ + (20 — 201) W "
= 625t + 400t* — 800t -+ 400
= 1025t — 800t + 400 = f{t);

R

£/(t) = 2050t —800 = O when t = ;3%3.0 - 5115, '

Since ’{1) <0 when t < % and f’{t) >0 when

t >i——?, f has an absb]ute minimum at t = %
The minimum distance between the boats occurs

i—% hours after noon (about 12:23 p.m.).
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18. The cylinder has volume V = xy*2x).

Also x* 4+ y? = r% 80 y? = r¢ —x% thus
Vix) = x(r® —x"A2x; = 27%(r’x — x?), where
O0<x<r.

Vix) = 27(r’ ~3x°) = O when x = =

Checking the endpoints V(0) = V{r! = 0.

So V(«J—i) = ii—':;E is the maximum.

19. Let x be haif the width of the track, 0 <x sgm. and let y be the iength of
the straight segment. Areas = 2xy + *x°. Perimeter = 1000 = 2xx + 2y, so

y = 500 —xx. Thus A(x} = 2x(500 — tx) +7%x" = 1000x — *x";

Alx: = 1000 —27x = 0 when x = 5%0 This endpoint is the only critical point in

the domain. Thus the maximum ares occurs when the track is e circle and the

500 1

radius is == m or km.
x °F

20. Let x be the length along the ground from the
corrider to the ladder and let h be the height from

the corridor to the ladder. Let L be the square of h

the length of the ladder. 2 = % so h = &, thus !rg_——“\

L(x) = (x +2F +(h +3F = (x 420 + (& 437 N

- x*4ax+4+36,36 9 > AN
L{x) = 2x+4—)§—i—§ - %(x‘+2x3-—18x—36) =

= Zf(x* —18)x +2)] = 0 when x = *I8, since x >0. Since L‘(x) <0 when
X

0<x< Y18 and L%{x)>0 when x > °{18, L has an absolute minimum at x = y18.

3
Thus the length of the ladder is |13+ 39 V18+108 _ .o
( 18y
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Exercise 4.5

1. ia) C(x} = 280000 -+ 12.5x + 0.07x2.

Average cost = c¢c(x) = ¥ = gs_;gio__og +12.5 4+0.07%, s0 the average cost {or 1000

items is ¢/1000) = 280 4+ 12.5 470 = $£362.50/item.
Marginal cost = C'{X) = 12.5 + 0.14x, so the marginal cost for 1000 items is
C/(1000} = 125+ 140 = $152.50/item.

- z
' ¢/(X) == —-8000(24—.07:( = 0, when x? = 4.0 - 10% so x = 2000. Also,
<
c’(x) <0 for x <2000, c’(x) >0 for x »>2000. Thus the average cost is the least at a

production fevel of 2000 items.

fc: 2000, = =S0000 4125 + 00712000, ~ $292.50/item.

2. (aj P o= x__x_'__ ;-~_C'f_-‘”._6400 1 X

2. a1 Cixiy = 6400 -a-m 660" Cixl = = = +l +1000’ so the average
e , = 6400 . 1 _ 3000 _ i Mx) = =+ =X

cost for 3000 units is ¢ 3000 =— 3000+10 005 £5.23/unit. C/x) = 19-{—500,

so the marginal cost for 3000 units is C’/3000; = 10-;-3%‘:)0 $6.10/unit.

b) ex) = —&90 L 1 o when x* = 6400000, so x = 2530. [OR: equate

< | 1000
marginal cost and average cost.] Thus the average cost is the least at & production

level of 2530 units.

, p 6400 . 1 | 2530 __

e} ¢{2530) = 330 T io T io00 $5.16/unit.

3. Cix) = 48000 + 0.28x -+ 0.00001x>, R(x} = 0.68x — 0.00001x"°.

C{x) = 0.28 4+ 0.00002x, R*(x) = 0.68 —0.00002x. Meximum profit occurs when
C'(x) = R'(x), 50 0.28 +0.00002x = 0.68 —0.00002x, thus x = ; 0%-30 7 = 10000.
Therfore, maximum profits are obtained when 10000 cans of soup are soid.

30000x — x?

. 30000 — x - - = 3 X
4, pix) = ={0000_ " Clx) = 6000 +0.8x. R(x) = 10000 %° Rix) = 3 5060

and C'{x} = 0.8. Maximum profit occurs when C’(x} = R‘x), so 3 -—m = (.8,
thus x = 11000. Therefore, maximum profits occur when 11000 submarines are

sold. -

130



Exercinse 4.5

ion i 2 - 19 — X _
5. (a) The demend function is p{x) = 10 —m(x — 27000) 19 3000

s - X2 . ’ — —_—_X —_ = ) =
{b) Rixj = 19x 3000° R{x) = 19 1500 = 0 when x = 19{1500) 28500.

This gives a maximum since R(x) is a parsbola opening down.

. __ 28500 _ .
p(2B500) = 19 3000 — $9.50/ticket.

iam e Myt 1. — %] = — X
6. (a) The demand function is pix; = 50 +m{8000 X) 130 100°

1 { - _..-J.‘—i.' s = —L -=|: { = ]
ib) Rix) = 130x 166° Rix} 130 % 0 when x 130050} 6500.

This gives a maximum since R(x) is a parabola-opening-down.-

pi6500) = 130—%%%0 = $65.00/camera.

7. plx) = 400 +10{120 —x) = 1600 —10x. R{x) = 1600x — 10x%

R/(x} = 1600 —20x = 0 when x == lfgo = 80.

So p(80) = 1600 —10(80) = $800.00/apartment.
8. p(x)} = 400 +8(120 —x) = 1360 —8x. R(x) = 1360x — 8x%

RY(x) — 1360 —16x = O when x = l%g—o = 85.

Thus maximum revenue occurs when there are 8BS passergers.
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4.6 Review Exercise

4.6 Review Exercise

1. (8} f(x) = x —x% fx) = 1 — 3x° =0 when x = IT’ S0 i\l__ are the

critical numbers. So ['(x] <0 when x < —:,—1_; and when X >w|__' f’(x) >0 when

- \I_l:: <% <4i_;. So f increases on ( — ﬁ ﬁ} and decreases on [ — 2o, -—$) and ’ﬁ,oo).
tb) fix) = x +x3 fx) = 1 +3%x® = 0 for no real value of x, so there are no
critical numbers and since f’'ix) >0 for all x,  increases on { — 20,00},
el fix, = 3xT —8x" —6x7 +24x +3; fix) = 12x7 —24x° —12x + 24
= 12x* —14x —2' = 0 when x = +1, or 2, so the critic:aI numbers are +1 and 2.
Interval x+1 x—1 X—-2 Fix) fix) '
f— o, — 1 — ' - - - decreases
i — L1} + - — - increases
(1,2 + + - —  {decreases
2 a0t + + + -+ increases
td: fix) = :‘( 1, f(x) = 2% — 1) “_24_':): +1 =4 _ 0 for no value of x,
2x —1 i2x ~ 157 2% — 17

so there are no critical numbers and since [’(x) <0 for all x, [ decreases on (--°°,5;,)

and (},c0}.
2 { —_xt <l 2
fej fixj = -3‘-——. fix) = k'x'}l‘l_ﬂ_ X - ’_’“'x+f'.j = O whenx = —2,0or0, so
. +1 {(x + 17 (x + 1 .
the critical numbers are —2 and 0. {’ix} >0 when x < —2 and when x > 0. {"{x)<0

when —2<x <0, but x= —1. Thus { increases on | — =0, — 2! and {0,~c) and

decreases on { — 2, — 1) and { — 1,0

th

2 z 1 P
(1) fix) = 3%5 — 15%5% £(x) = Sx0 —10x ~ 3 = S —2
%

critical numbers are 0 and 2. [’(x) >0 when x <0 and when x >2. f ‘(%) <0 when

0 <x<2. Thus { increases on { — =0,0) end (2,0¢) and decreases on {0,2).

= 0 when x = 2, so

} = —16.

NI

2. (@) f{x} = 4x* +12x—7; f'(x) = 8x+12 = O when x = —3. f{—

Checking the endpoints, f( —2) = —15and (1) =

So the sbsolute maximum is (1) = 9 and the absolute minimum is f{ —g) = —186,

(b flx} = x> —=27Tx +32% f1{x) = 3x* =27 = 3x+3)x—3) = 0 when x = +3.

f( —3) = 86, f(3) = —22. Checking the endpoints, f{ —4) = 76 and f(4) = —12.

So the absolute maximum is f{ —3) = 86 and the absolute minimum is f{3) = —22.

(e} gix) = 3x° —50x° +135%; g(x) = 15x* —150x* +135 = 15(x" —10x* +9)

= 15(x2 —1}x®*~9) = Owhen X = J1lorx = +3. g(~1) = 88 g(l) = 88,
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gl —3) = 216, g(3) = —216. Checking the endpoints, g{ —2) = 34 and g(4) = 412.
So the absolute maximum is g(4) = 412 and the absolute minimum is g(3) = —216.

a -——‘x}+(12+x) = 2 - = 0 for no value of x.
{1—x) tf —x)
Checking the endpoints, g{(2} = —3 and g(5) = _.g,

b
id) glx} = }_;:; gilx) =

So the sbsolute maximum is g(5) = —2 end the absolute minimum is g(2) = —3.

3. ia) f(x) = 7+72x+3x" —2x5

fx) = T2 4+6x —6x° = —6(x*—x—12) = —6%+43¥x —4) = 0 when
x = —3,4. fx}<0 when x < — 3 and when x >4. {{x) >0 when —3<x<4.

So ft4) = 215 is a local maximum and f{ —3) = —128 is a local minimum.

by fix) = X' =727 +10; fx; = 4x° —144x = 4x{x* —36) = 0 when x = 0, +6.

f’{x) <0 when x < —6 and when 0 < x <6. {x)>0 when —6 <x <0 and when x >6.

So f(0) = 10 is a local maximum and f{ - 6) = — 1286 are local minima.
te) fix) = 16 —x% f(x) = J-‘-—_l‘__ = 0 wher x = 0. f'x)>0 when x <0 and
16 —x-
f'{x) <0 when x>0. So I[(0) = 4 is a local maximum.
6—-2x x> —3 J -2 x> -3
(d) fix) = 12 -2Yx + 3| = { ; FIX) = { . Mx)<0
2 | 18 +2x x< -3 2 x< -3

when x> — 3 and f(x! >0 when x < — 3, s0 f{ —3) = 12 is a local maximum.

4, %) = x° —8x"+22x? — 24x
(@) f{x} =4x° —24x? +44x — 24 = 4(x* —6x? +11x —6) = 4{x —I1Yx — 2 x —~3) = O
when x = I, 2, or 3. So the critical numbers are 1, 2, and 3.

{b) fx) = 4i{x —1)x —~2)x —3)

Interval x—1 X —2 x—3 {x) fix;

(—o0,1) — —_ —_ —_ decreases
(1,2) + - L - + incresses
(2,3) + + — - decreases
(3,00) + + + + increases

{¢) f(}) = -—8is a local maximum and (1) = —9 and f(3) = —9 are jocal minims.

(d}
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— 2

5. fix) = _o_l—; f{x) = -—--.,—{"x—'*--}-z:, = 0 when x = —1. fx)>0 when
x*+x+1 (%" +x 41y y

X< —1 : and (x) <O when x > — -. so f{ —3) = ; is an absolute maXximum value.

6. Let x be the height and let y be the width of the printed material. xy = 60, so
y = 80 Ares = AX) = (x+6)y +10) = (x +6X80 +10) = 120 + 10x + 385,

e 5
Atx) = 10 —360 M = 0 when x = 46, but —6 is not in the domain.
X" X"

Since A’(x) <0 when 0 <x <6 and Ax: >0 when X >6, the minimum area is

A6 = {12%20) = 240 cm".

7. Let x be the distance from the dimmer light to the dark spot, 0 <x <40, If lis

illumination, S is the strength of the source, and d is distance then, | = (%
WG . -
) = S+ —y 1x) = — 4 IS _ g ypen %% = 140 — x5, then

X W0 —xP x° (40 —x¥
2x = 40 —x,s0x = 30 _ - {77 ;m is the only critical point. I(x} <0 if
14+ 32
x<{17.7 and I'x) >0 if x >17.7, so | has 8 minimum at x = 17.7. Thus the darkest

spot is approximately 17.7 m from the dimmer light.

8. Let 2x be the total distance along the x-axis and let 2y be the total distance

along the y-axis of the rectangle. Area = 4xy, but from the equation of the

ellipse y = f\l«l —x-, thus A(X) = 4x[f\'4 -—x:] = 2xJ4-—x:;

k4 axlaX? 2 —_— —_ 2 4 —-
AX) = 24 — ¥ — oxiex: 24 X7 42 "’mowhenx-= ;i:wﬁ

HJ:JT—T

but — sF.‘ is not in the domain. A‘{x) >0 when 0 < x <J: and A’(x} <0 when x >ﬁ-,

"
so A has a maximum at x = Y2 so y = g Thus the dimensions are 242 by V2.
9. Let R be the length of road with R, the length of road from S to A end R; the
length of road from S to B, x is the distance from D to the new station.

= J(x-6)=+2's and R, = Jx2+49. R(x) = (x — 6 +25 +{x° +4%

2
Rx) m= __(_)E_—-_ﬁ)__ +..___x__ = { when — x2 - ® _zx) .
(x —6P7+25 {x?+449 x“+49 (x—6F+25

hence x*(x —6)% + 25x* = x*(6 — x)* +49(6 — x)?, then 25x% = 49(6 — x)%, so

134



4.6 Review Exercise

5% = 76 —x) = 42—7%, thus x = 2. R = J[—§F+25+J[%']+49--13.4.

and checking the endpoints R{(0) = 436 + 25 +44_9 =14.8, and
R(6) = {25 + 36 +49 =14.2. Therefore, a station should be located 2 km from D.

10. Cix)} = 480000 + 2.4x + 0.0008x? and pix} = 4 — 0.001x.
a) cix) = 380000 4 > 4 4 0.0008x;

0.0008x_—480000 _ o when x = 10000{6 = 24495.
x* -
Thus 24495 units will maximize the everage cost. -

clix) = —MQ—O— 4+ 0.0008 =
<

b} C'x: = 2.4 4 0.0016x, R(x) = 4x —0.001x% R‘x) = 4 —0.002x.

Profits are maximized when C'(x) = R%x), so 2.4 4+-0.0016x = 4 —0.002x, then
X = ﬁ“%]—l%'é =444, So 444 units will maximize profits.

11. (a) pix) = 100—%3(::-50) - ﬂ%—o—%x - %{400-2::).

ib) Rix) = %{400::-2::2); RX) = 5-‘33—"—%" - guoo-x) — 0 when x = 100.

Therefore, the revenue is maximized when 100 rooms are booked at pi100) = $66.67.
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47 Chapter 4 Test

<+ 1 —2%° —x° +1 .
1. fix) = —=%—; f(x) = X L - ~ = 0 when x = +1. [x})>0
x"+1 (x* 4+ 1) (x* +1F

when —1<x<1. Sof increases on { —1,1).

2 (X)) = X +2x4+x—1; x) = 3x+4x+1 = 3x+1}{x+1) = O when

x = —i, —1. fi—1} = —1, f'l'-%) = —3=—1.15 9nd f(1) = 3.

So the sbsolute maximum is [(1: = 3 and the absolute minimum is f{ ——é) ==

e

3. fix) = x" ~8Bx" +3; fix; = 4x’ —16x = dxix° —4) = 4xix —2x+2) =0
when x = —2,0, or 2.
ia! The critical numbers are — 2, 0, and 2.

ib; | Interval X x—2 X +2 £ f
{ — o, — 2} — —_ — —_ decresasing
i =20 - — + + increasing
(0,2} + — + - decreasing
(2,00} + + T + increasing
e} f(0) = 3 is a local maximum end [ +2: = —13 are local minima.

4. Let x be the length of the sides of the base and let y be the height.
1200 —4x°

Volume = V = xy. 4x° 4+ 2Adxy) = 4x° +8xy = 1200, s0 y = 8x
Zre oy - Y 3 2 ; —
Thus Vi = SLTRZ0C) o 150x — X v = 150 -3 = HOX _ g

when x = -+ 10. The length must be positive. V‘(x!>>0 when x <10 and V‘{x} <0
when x > 10, V has a meximum at X = 10 and vy = Lm%.——{—i@ = 10. Thus, the box

is a cube with sides of 10 cm.

5. Clx) = 16000 +22.5x +0.004x", cix) = S — 16000 4 25 5 1 0.004x;

e(x) = —@0-;-0.004 = 0 when x? = %67%9. so X = 2000, since x must be
x »

positive. Therefore, the production level should be 2000 items.

6. Yield = Y = {80 4+ x}400 —4x) = —4x? -+ 80x + 32000;
Y (x) = —8x +80 == 0 when x = 10. Therefore, 90 trees per hectare will give

the largest crop.
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